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A Broadband Internally Resonant
Vibratory Energy Harvester
The objective of this paper is twofold: first to illustrate that nonlinear modal interactions,
namely, a two-to-one internal resonance energy pump, can be exploited to improve the
steady-state bandwidth of vibratory energy harvesters; and, second, to investigate the
influence of key system’s parameters on the steady-state bandwidth in the presence of the
internal resonance. To achieve this objective, an L-shaped piezoelectric cantilevered har-
vester augmented with frequency tuning magnets is considered. The distance between the
magnets is adjusted such that the second modal frequency of the structure is nearly twice
its first modal frequency. This facilitates a nonlinear energy exchange between these two
commensurate modes resulting in large-amplitude responses over a wider range of fre-
quencies. The harvester is then subjected to a harmonic excitation with a frequency close
to the first modal frequency, and the voltage–frequency response curves are generated.
Results clearly illustrate an improved bandwidth and output voltage over a case which
does not involve an internal resonance. A nonlinear model of the harvester is developed
and validated against experimental findings. An approximate analytical solution of
the model is obtained using perturbation methods and utilized to draw several conclu-
sions regarding the influence of key design parameters on the harvester’s bandwidth.
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1 Introduction
Scavenging otherwise wasted vibratory energy to run low-
power consumption electronics has recently emerged as a critical
technology which continues to grow at a rapid pace [1]. Vibratory
energy harvesters (VEHs) are scalable power generators that con-
sist of a mechanical oscillator coupled to an electric load via an
electromechanical transduction mechanism which can either be
electromagnetic, piezoelectric, electrostatic, or magnetostrictive.
When the oscillator is subjected to external vibratory inputs, a
portion of its kinetic energy is transformed into electricity through
the associated electromechanical transduction.
The first generation of VEHs incorporated a linear restoring
force, and, therefore operated based on the principle of linear
resonance; that is, when the frequency of the environmental exci-
tation matches the natural frequency of the harvester, large-
amplitude electric output can be generated and used to maintain
low-power electronic systems [2]. Soon, it was realized that any
small variations in the excitation frequency around the tuned natu-
ral frequency of the harvester drop its already small power output
even further.
To overcome this critical issue, researchers have proposed sev-
eral alleviating strategies. This includes, but is not limited to, lin-
ear resonance frequency tuning [3], multimodal linear VEHs [4],
and, most recently, deliberate introduction of stiffness nonlinear-
ities [5–14]. Nonlinear VEHs incorporate a nonlinear restoring
force which is either of the monostable [15], bistable [16], or even
the multistable type [17]. It has been shown that the introduction
of stiffness nonlinearities extends the coupling between the excita-
tion and the VEH to a wider range of frequencies resulting in a
broadband response. However, as of today, only single degree-of-
freedom or multi-degrees-of-freedom nonlinear VEHs with
incommensurate modal frequencies have been studied [18].
In this paper, we propose a novel methodology based on the
principle of internal resonance which occurs in a nonlinear multi-
degrees-of-freedom system when two or more modal frequencies
of the system are commensurate or nearly commensurate, i.e.,
multiple integers of each other. Such resonances lead to nonlinear
modal interactions wherein energy is exchanged among the com-
mensurate modes resulting in large-amplitude responses over a
wide range of frequencies [19]. Internal resonance has been
employed in many applications including the design of broadband
nonlinear vibration absorbers from which the basic concept of the
broadband VEH is adopted [20].
In a previous paper, Chen and Jiang [21] demonstrated theoreti-
cally using a generic inductive energy harvesting system that
internal resonances may be utilized to improve the steady-state
bandwidth of the vibratory energy harvester. In this paper, we
demonstrate the enhanced performance on an actual piezoelectric
VEH as depicted in Fig. 1. The harvester consists of a two-beam
L-shaped structure clamped at one end and free to oscillate at the
other. A piezoelectric patch is laminated to the vertical beam and
used to transduce mechanical motions into electricity. This struc-
ture was considered following the seminal works of Haddow et al.
[22] and Balachandran and Nayfeh [23], which showed that a sim-
ilar system can exhibit a two-to-one internal resonance between
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the first two coupled bending modes. Erturk et al. [18] also inves-
tigated a similar L-shaped beam–mass structure for energy har-
vesting but their study was limited to a case which does not
involve internal resonances.
To achieve the proposed objectives, the rest of the paper is
organized as follows: Section 2 presents an experimental case
study to illustrate the enhanced bandwidth attained by intention-
ally incorporating a nonlinear internal energy pump into the har-
vetser’s design. Section 3 presents a nonlinear model which can
be used to capture the dynamics of the harvester and, subse-
quently, details an approximate analytical solution of the proposed
model. Section 4 qualitatively validates the model against experi-
mental data. Section 5 uses the validated model to investigate the
influence of several design parameters (mechanical damping,
electromechanical coupling, and electric loading) on the harvest-
er’s output. Finally, the key conclusions are summarized in Sec. 6.
2 Proof-of-Concept
We consider the experimental system shown in Fig. 2 in which
a piezoelectric VEH consisting of two beams clamped at one end
and free to oscillate at the other is depicted. The two beams are
attached together to form the L-shape structure shown. A station-
ary magnet is placed at a distance, d, from the point of contact
between the two beams where another magnet of similar polarity
is also placed and is free to oscillate with the structure. The dis-
tance between the two magnets is used to control the linear and
nonlinear components of the restoring force and, to accordingly,
tune its first two flexural modal frequencies such that they are
multiple integers of each other. These modal frequencies are asso-
ciated with the first two normal modes whose mode shapes are
illustrated in Fig. 3. The distance between the magnets, d, is kept
such that the potential energy function of the system remains of
the monostable nature.
The vertical and horizontal beams are made of stainless steel
with dimensions of 157 14:6 0:510 mm3 and 157 13:2
 0:635 mm3, respectively. A PZT-5 A piezoceramic layer is
attached to the vertical beam and has dimensions of 107 11:2
 0:125 mm3. The auxiliary tip mass weighs 2 g, while the Neo-
dymium (NdFeB) permanent magnet mounted at the corner of the
L-shaped structure weighs 3 g. The whole setup is placed on an
electrodynamic shaker which generates a harmonic signal whose
magnitude is monitored using an accelerometer mounted on the
shaker’s base.
First, we investigate the voltage response of the harvester when
the distance between the magnets is d¼ 16 mm. This results in a
first modal frequency of x1¼ 6.8 Hz and a second modal frequency
of x2¼ 12.0 Hz. Since the two modal frequencies are not commen-
surate or nearly commensurate, nonlinear energy exchange cannot
be activated.
The harvester is subjected to a harmonic acceleration at the
clamped end such that the excitation frequency, x, is close to the
first modal frequency, x1. Experimental results for both directions
of the frequency sweep are shown in Fig. 4(a) illustrating a nearly
linear response. The range of frequencies within which the har-
vester can produce large-amplitude responses is very small and
limited to that around the linear resonance.
Next, we change the distance between the magnets to d¼ 22 mm
which yields x1¼ 5.75 Hz and x2¼ 11.5 Hz. Since the first two
modal frequencies are now commensurate, a nonlinear energy
pump between these modes can be activated. The VEH is then sub-
jected to a harmonic base acceleration with the same magnitude as
in the previous case and a frequency close to x1. The resulting
voltage response curve is shown in Fig. 4(b) for both directions of
Fig. 1 A schematic diagram of the L-shaped internally reso-
nant VEH
Fig. 2 Setup used in the experiments
Fig. 3 The first two flexural normal modes of the internally res-
onant VEH: (a) mode 1 and (b) mode 2
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the frequency sweep. The results illustrate a significant increase in
the voltage amplitude and a broadening in the bandwidth of fre-
quencies wherein large-amplitude voltages are realized. Specifi-
cally, the response now consists of two peaks. The first, which
occurs to the left of x1 ¼ 5:75 Hz, is large and bends to the left
due to the softening nonlinearity resulting from the magnetic field.
The second, which occurs slightly to the right of x1 ¼ 5:75 Hz, is
smaller in magnitude and exhibits no bending behavior. This peak,
which is also known as the two-mode component of the response,
results from the energy exchange between the nonlinearly interact-
ing modes.
In addition to the visual broadening of the voltage–frequency
response curve which is clearly noticed in the case of the internal
resonance, it is also possible to numerically characterize it by set-
ting a threshold voltage, Vcr, and measuring the bandwidth of fre-
quencies wherein this threshold can be realized. This critical
voltage can be used to represent the minimum voltage necessary
to activate the electronic components in the harvesting circuit. For
instance, if a threshold voltage of Vcr ¼ 0:5 V is specified, the
bandwidth can be approximated as 1.02 Hz in the absence of inter-
nal resonance; and extends to approximately ¼3:73 Hz in the
presence of the internal energy pump.
3 Mathematical Analysis
Generally, there are several design parameters that influence
the harvester’s output. One way to characterize the influence of
these parameters on the harvester’s response is to carry a large
number of experiments. However, this process is very time-
consuming and might not be very insightful. As such, it is essen-
tial to develop a mathematical model which can be simulated to
understand the influence of these parameters. Here, we choose to
use a lumped-parameters approach in which the motion of the sys-
tem is modeled by three temporal coordinates representing the
first two vibration modes of the structure and the output voltage of
the harvesting circuit. For more details on the model derivation,
the reader can refer to the Appendix. The equations governing the
motion of the harvester can be written as
M€u þ C _u þKuþ Fm þHt ¼ pF cosðxtÞ (1a)
Cp _t þ t=RþHT _u ¼ 0 (1b)
Here, the overdots represent derivatives with respect to time, t,
u ¼ ½u1; u2T is the vector of temporal coordinates representing the
beams tip deflection, M is a mass matrix, C is a linear damping matrix,
K is a linear stiffness matrix, H is the piezoelectric coupling vector, t is
the output voltage, p is a vector representing the projection of the
harmonic base acceleration, F cosðxtÞ onto the two vibration
modes, where F and x are, respectively, the amplitude and fre-
quency of excitation. Furthermore, Fm is the nonlinear restoring
force vector due to the magnetic interaction and is assumed to fol-
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Finally, Cp and R are, respectively, the piezoelectric capaci-
tance and external electric load.
To solve Eq. (1), we first decouple the system into its modal
coordinates. To that end, we assume proportional damping and
introduce the transformation u ¼ Dz. Here, the matrix D is con-
structed by solving the eigenvalue problem and using the right
eigenvectors of (KMx2i Þ where xi are the modal frequencies.
Upon substituting the similarity transformation into Eq. (1a), left
multiplying the equation by DT, and normalizing the mass matrix
such that DTMD ¼ I, we obtain the following set of equations:
I€zþ DiagðfixiÞ _z þ Diagðx2i Þzþ DTAðz; zÞ
þ DTBðz; z; zÞ þ DTHt ¼ DTpF cosðxtÞ (2a)
Cp _t þ t=RþHTD _z ¼ 0 (2b)
where fi are the modal damping ratios. Equation (2) is further
nondimensionalized by choosing the length of the vertical beam,
l1, as a length scale, the reciprocal of the first modal frequency,
x1 as a time scale, and the open circuit voltage associated with
the first mode, h1l1=Cp as a voltage scale. This yields
I€qþ DiagðfiÞ _q þ Diagð1; g2Þqþ Aðq;qÞ þ Bðq;q;qÞ
þ Kv ¼ f cosðXsÞ (3a)
_v þ vvþKT _q ¼ 0 (3b)
Fig. 4 Variation of the output voltage with the excitation frequency and a base acceleration of
0.5 m/s2. The results are obtained for a load resistance of 25 kX.
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where the dots are now derivatives with respect to the nondimen-
sional time, s, q ¼ z=l1; v ¼ Cp=ðh1l1Þt; g ¼ x2=x1; X ¼ x=x1;
v ¼ ð1=RCpx1Þ, and
A ¼ l1
x21
DTA z; zð Þ; B ¼
l21
x21
DTB z; z; zð Þ;
K ¼ k1 k2ð ÞT ¼
h1
Cp








Next, we use the method of multiple scales [24] to obtain an
approximate analytical solution of Eq. (3). We investigate the
response when the excitation frequency is close to the first modal
frequency, i.e., primary resonance of the first mode (X  1) and
when the second modal frequency is nearly twice the first modal
frequency (g  2). To this end, we let
X ¼ 1þ er0; g ¼ 2þ er1 (4)
where r0 and r1 are the parameters describing the actual detuning
between the first modal frequency and, respectively, the excitation
frequency and the second modal frequency. Since we are inter-
ested in the response behavior when these detunings are very
small, we introduce a small book-keeping parameter e to illustrate
that these detunings are much smaller than the excitation fre-
quency and first modal frequency.
We also assume that the mechanical damping, backward elec-
tromechanical coupling, the nonlinearities, and excitation are
small, and, hence are of order e. This yields that following scaled
equations:
€q1 þ ef1 _q1 þ q1 þ eða11q21 þ a12q22 þ a13q1q2 þ a14q31
þ a15q21q2 þ a16q1q22 þ a17q32 þ k1vÞ ¼ ef1 cos Xs (5a)
€q2 þ ef2 _q2 þ g2q2 þ eða21q21 þ a22q22 þ a23q1q2 þ a24q31
þ a25q21q2 þ a26q1q22 þ a27q32 þ k2vÞ ¼ ef2 cos Xs (5b)
_vðtÞ þ vvðtÞ þ j1 _q1 þ j2 _q2 ¼ 0 (5c)
where the aij are the polynomial coefficients obtained upon
expanding A and B.
To implement the method of multiple scales on Eq. (5), we
introduce the following time scales Tn ¼ ent and expand the solu-
tion of Eq. (5) in terms of the new scales, such that:
q1ðt; eÞ ¼ q10ðT0;T1;…Þ þ eq11ðT0; T1;…Þ þ Oðe2Þ (6a)
q2ðt; eÞ ¼ q20ðT0; T1;…Þ þ eq21ðT0;T1; Þ þ Oðe2Þ (6b)
vðt; eÞ ¼ v0ðT0;T1;…Þ þ ev1ðT0;T1;…Þ þ Oðe2Þ (6c)
Note that, depending on the desired accuracy, the solution can be
truncated at the necessary order. In this paper, we truncate the
solution at first-order, i.e., n¼ 0, 1. Substituting Eq. (6) back into
Eq. (5) and equating coefficients of equal powers of e in the result-
ing equations lead to the following cascade of differential
equations:
D20q10 þ q10 ¼ 0
D20q20 þ g2q20 ¼ 0
D0v0 þ vv0 ¼ j1D0q10  j2D0q20 (7)
and
D20q11 þ q11 ¼ 2D0D1q10  f1D0q10  a11q210  a12q220
 a13q10q20  a14q310a15q210q20  a16q10q220
 a17q320  k1v0 þ
f1
2
exp i T0 þ r1T1ð Þ
D20q21 þ g2q21 ¼ 2D0D1q20  f2D0q20  a21q210  a22q20
 a23q10q0a24q310  a25q210u20  a26q10q220
 a27q320  k2v0 þ
f2
2
exp T0 þ r1T1ð Þ
D0v1 þ vv1 ¼ D1v0  j1 D0q11 þ D1q10ð Þ
 j2 D0q21 þ D1q20ð Þ
(8)
where Dn stands for the partial differential operator @=@Tn: The
steady-state solution of the first-order equations, Eq. (7), can be
expressed as
q10 ¼ A1ðT1ÞexpðiT0Þ þ cc (9a)
q20 ¼ A2ðT1ÞexpðigT0Þ þ cc (9b)
v0 ¼ 
ij1A1 T1ð Þ
vþ i exp iT0ð Þ 
igj2A2 T1ð Þ
vþ ig exp igT0ð Þ þ cc (9c)
where AnðT1Þ are undetermined complex functions, and cc stands
for the complex conjugate of the preceding terms.
Next, we determine the unknown complex functions by substi-
tuting Eq. (9) into Eq. (8) and eliminating the secular terms, i.e.,
terms that produce a nonuniform solution. This yields the following
two first-order nonlinear ordinary differential equations:
D1A1 ¼ C11A1 þ C12 A1A2 expðir1T1Þ þ C13A21 A1
þ C14A2 A2A1 þ C15f expðir0T1Þ (10a)
D1A2 ¼ C21A2 þ C22A21 expðir1T1Þ þ C23A1 A1A2 þ C24A22 A2
(10b)








; C12 ¼ 
a13
2i





















; C23 ¼ 
a25
gi
; C24 ¼ 
3a27
2gi
To solve Eq. (10), we find it convenient to express the complex
functions AnðT1Þ in the polar form
An T1ð Þ ¼
1
2
an T1ð Þexp i/n T1ð Þ½  (11)
where an and /n are real functions of T1. Substituting Eq. (11)
into Eq. (10) and then separating the real and the imaginary parts
yield
D1a1 ¼ feff1a1 þ
a13
8
a1a2 sin /2  2/1 þ r1T1ð Þ
þ f
2
sin r0  T1ð Þ (12a)
D1a2 ¼ feff2a2 
a21
4g
a21 sin /2  2/1 þ r1T1ð Þ (12b)
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a1D1/1 ¼ xs1a1 þ
a13
8











cos r0  T1ð Þ (12c)
a2D1/2 ¼ xs2a2 þ
a21
4g







Equations (12a) and (12b) govern the temporal variation of the
response amplitudes associated with the first two normal modes.
The coefficients feff1 ¼ f1 þ ðk1j1v=v2 þ 1Þ and feff2 ¼
f2 þ ðk2j2gv=v2 þ g2Þ represent the effective damping due to the
mechanical and backward electromechanical couplings. Equations
(12c) and (12d), on the other hand, govern temporal variation of
the response phase, where xs1 ¼ ð1=2Þðk1j1=v2 þ 1Þ and xs2 ¼
ð1=2Þðk1j1g=v2 þ g2Þ are the linear shifts in the modal frequen-
cies of the first two modes due to the electrical coupling. The rest
of the terms appear due to the nonlinear magnetic force and the
external excitation. It is worth noting that, according to Eq. (12),
only the nonlinear terms associated with a13, a14, a16, a21, a25, and
a27 have appreciable contribution to the harvester’s response.
To determine the steady-state amplitude and phase of the two-
mode response, we first autonomize Eq. (12) by introducing the
following transformations:
c1 ¼ /2  2/1 þ r1T1; c2 ¼ /1 þ r0T1
Subsequently, we set the time derivatives in the resulting equa-
tions to zero to obtain the equilibria of the response, i.e., a10, a20,
c10, and c20, which represent the steady-state amplitude and phase
of the resulting periodic solutions. As a control parameter is var-
ied, the roots are found using a Newton–Raphson numerical tech-
nique. The stability of each equilibrium solution is determined by
finding the eigenvalues of the Jacobian matrix of the modulation
equations evaluated at the solution. Solutions where all the eigen-
values have negative real parts are asymptotically stable. Solu-
tions where one or more eigenvalues have positive real parts are
unstable.
4 Model Validation
Before we delve into the influence of the design parameters on
the voltage response curves, we validate the developed model
using the setup shown in Fig. 2 for which the geometric and mate-
rial properties are listed in Table 1. We start by validating the
model away from the internal resonance and in the absence of the
magnetic field, Fm ¼ 0, for a base acceleration of 0.5 m/s2 and a
load resistance, R¼ 25 kX. Figure 5(a) depicts the response near
the primary resonance of the first mode showing the typical linear
response.
Next, we validate the primary resonant response of the first
mode away from the internal resonance but in the presence of the
magnetic field. The distance between the magnets was chosen
to be d¼ 16 mm, which yields x1 ¼ 6:8 Hz and x2 ¼ 12 Hz.
Figure 5(b) illustrates excellent agreement between the model and
experimental findings. It also illustrates that due to the magnetic
field, the voltage–frequency response curves now bend slightly to
the left typical of a softening nonlinear restoring force.
The voltage–frequency response curves are then generated for a
case involving a two-to-one internal resonance between the two
first vibration modes. To this end, the distance between the mag-
nets is changed to d¼ 22 mm, which yields x1 ¼ 5:75 Hz and
x2 ¼ 11:5 Hz. Figure 5(c) depicts a comparison between the
experimental and analytical voltage response curves obtained at
two different excitation levels of 0.5 m/s2 and 1 m/s2. For both
acceleration levels, the figure illustrates good qualitative agree-
ment between the model and the experimental results. Due to the
complex nonlinear dynamics of the system under investigation, a
quantitative agreement could not be established. However, the
general characteristics of the nonlinear response are clearly evi-
dent in the analytical solution. The analytical solution illustrates
that there are now regions on both sides of the first modal fre-
quency where the solution is multivalued. In these regions, three
branches of solution co-exist for a given excitation frequency. The
upper and lower branches (solid line) represent stable nodes,
while the middle branch (dotted lines) represents unstable saddles.
As such, depending on the initial conditions and the direction of
the frequency sweep, the harvester can exhibit large or small
amplitude responses at a given excitation frequency. Furthermore,
for a small range of frequencies right around resonance (dotted
lines), the response of the harvester is quasi-periodic with ampli-
tude modulation. This stems from the stable nodes losing stability
as a result of two Hopf bifurcations occurring on either side of the
first modal frequency.
A comparison between the voltage-response curves with and
without the two-to-one frequency tuning is shown in Fig. 5(d).
The comparison clearly illustrates that the two-to-one internal res-
onance improves the response bandwidth as compared to the
untuned case.
5 Influence of the Design Parameters
Using the validated model, we investigate the influence of sev-
eral of the key parameters on the broadband response of the har-
vester. The influence of the external excitation level and
mechanical damping is first studied. Figure 6 illustrates a broaden-
ing of the frequency response curves as the level of excitation is
increased and as the mechanical damping is decreased. This
broadening is typical of the resonant behavior of nonlinear sys-
tems even in the absence of the internal energy pump since the
resonant branch of solutions extends over a wider range of fre-
quencies as the input excitation/mechanical damping is increased/
decreased. However, in the case involving the internal resonance,
even the peak associated with the two-mode component of the
Table 1 Material and geometric properties of the harvester
Parameter (symbol) Value
Vertical beam
Young’s modulus (Es1) 190 GPa
Mass density (qs1) 9873 kg m
3
Length (l1) 15:70 102 m
Width (ws) 1:46 102 m
Thickness (ts1) 5:10 104 m
Horizontal beam
Young’s modulus (Es2) 69 GPa
Mass density (qs2) 2700 kg m
3
Length (l2) 15:70 102 m
Width (ws) 1:46 102 m
Thickness (ts2) 6:35 104 m
Piezoelectric member
Young’s modulus (Ep) 15.86 GPa
Mass density (qp) 5440 kg m
3
Length (lp) 10:7 102 m
Width (wp) 1:12 102 m
Thickness (tp) 1:25 104 m
Permittivity (e33) 19.36 nF m
1
Piezoelectric constant (e31) –19.84 C m
2
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Fig. 5 Variation of the output voltage with the excitation frequency in the vicinity of the first
modal frequency. (a) Linear response in the absence of the magnetic field, (b) nonlinear
response in the presence of the magnetic field but away from the internal resonance, (c) inter-
nally resonant response, and (d) comparison between the internally and noninternally reso-
nant responses for f1 5 0:0025. The results are obtained using R 5 25 kX, a modal damping
ratios of f1 5 0:005 and f2 5 0:005, and base accelerations of 0.5 m/s
2 and 1 m/s2 for the inter-
nally resonant case. Dotted lines represent unstable fixed points of the modulation equations.
Markers represent experimental data obtained using the setup shown in Fig. 2.
Fig. 6 Variation of the output voltage with the excitation frequency in the vicinity of the first
modal frequency. (a) Different first-modal damping ratios, second modal damping ratio of
f2 5 0:005, and an acceleration level of 0.5 m/s
2. (b) Different base acceleration levels
0:5; 1; and 1:5 m/s2 and damping ratios of f1;2 5 0:005. The results are obtained using R 5 25
kX, and dotted lines represent unstable fixed points of the modulation equations.
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response (right peak) extends over a wider range of frequencies
further improving the broadband response of the harvester.
Next, we investigate the influence of the load resistance on the
power–frequency response curves as depicted in Fig. 7(a). Six
values of the load resistance were used, namely, 5, 25, 100, 250,
500, and 1000 kX). The loads are picked to be around the optimal
load of the linear harvester which is approximately R¼ 140 kX
based on impedance matching using the first modal frequency of
the linear structure. At the largest load resistance of 1 MX, the
output power exhibits its lowest peak value and its largest band-
width. When the load resistance is decreased to 500 kX, the peak
power increases slightly while the bandwidth decreases. Further
reduction in the load resistance to 250 kX results in a significant
increase in the peak power and slight decrease in the bandwidth.
This trend continues down to a load resistance of 25 kX beyond
which the trend is reversed since for a load resistance of 5 kX, the
bandwidth increases and the peak power decreases.
This trend can be explained by considering the influence of
damping on the output power curves. As explained in Fig. 6(a),
higher damping levels result in narrower frequency bandwidth.
Since more energy is being dissipated in the 25 kX load than any
of the other loads, the 25 kX load produces the highest electric
damping and, thereby, by virtue of Fig. 6(a), results in the narrow-
est voltage bandwidth. On either side of this load resistance, the
damping decreases, which causes the bandwidth to increase and
the output power to decrease.
In Fig. 7(b), we also investigate the influence of the electrome-
chanical coupling on the output voltage. For a given load resist-
ance, the output voltage increases as the coupling increases.
However, due to increased energy dissipation at higher coupling
coefficients, the bandwidth of the harvester decreases as the cou-
pling is increased. This further highlights the competing nature of
these two desirable performance objectives.
6 Conclusions
This paper demonstrated that designing multimodal nonlinear
VEHs with commensurate modal frequencies can be used to
broaden the steady-state bandwidth of the harvester due to the
nonlinear energy transfer which occurs among the commensurate
modes. As a proof-of-concept, a magnetically tunable L-shaped
piezoelectric VEH with a two-to-one internal energy pump was
used to demonstrate the improved bandwidth as compared to a
case involving no interacting modes. The influence of several of
the key system’s parameters on the harvester’s output was studied,
and the following conclusions were deduced:
 Similar to any nonlinear energy harvester, the bandwidth of
the harvester increases/decreases with the external excita-
tion/mechanical damping. However, in the case involving
the internal resonance, the presence of the peak associated
with the two-mode component of the response extends the
range of frequencies over which large-magnitude responses
can be achieved further improving the broadband response of
the harvester.
 The bandwidth of the harvester is sensitive to variations in
the electric load. The widest steady-state bandwidth occurs
when the electric damping is the smallest. Therefore, the
results seem to suggest that the VEHs bandwidth is inversely
proportional to the maximum attainable power.
 The output voltage increases as the electromechanical cou-
pling increases. However, due to increased energy dissipa-
tion at higher coupling coefficients, the bandwidth of the
harvester is inversely proportional to the electromechanical
coupling.
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Appendix: Derivation of the Equations of Motion
This section provides the derivation of an approximate model
to capture the dynamics of the harvester. The coordinate system
used in the derivation is depicted in Fig. 8. The deflection of the
vertical beam is represented by w1ðx; tÞ and the horizontal beam
by w2ðy; tÞ, where x and y describe the positions along the beams,
and t represents the time.
To simplify the approximate analysis, it is assumed that the
mass of each beam can be lumped into the end mass by add-
ing a portion of their masses to create effective masses, M1
and M2, respectively. The end masses were also assumed to
have zero rotary inertia. Such assumptions have been demon-
strated to be accurate by Timoshenko et al. [25] and Haddow
et al. [22].
Fig. 7 Variation of the output power with the excitation frequency in the vicinity of the first
modal frequency. (a) Different load resistances. (b) Different first-modal couplings and R 5 25
kX. The results are obtained for a base acceleration of 1 m/s2, and modal damping ratios of
f1;2 5 0:005. Dotted lines represent unstable fixed points of the modulation equations.
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The total kinetic energy of the harvester can be written as
T ¼ 1
2
M1 _W 1 þ _Wb
 2h iþ 1
2
M2 _W 1 þ _Wb
 2 þ _W 22
h i
;
Wi ¼ wi li; tð Þ (A1)
where Wb is the external displacement applied at the base of the
harvester.










þ Ue þ Uw (A2)
where the first two terms in Eq. (A2) represent the strain energy in
the structure and piezoelectric layer, respectively, and V is the
associated domain of integration. In Eq. (A2), r denotes the stress,
 denotes the associated strain, and the subscripts s and p refer to




E3DpdVp represents the electric potential in the
piezoelectric element, and Uw ¼ M2gW2 represents the potential
energy due to the gravitational acceleration g.
The stress and the electric displacement in the piezoelectric ele-
ment are related to the strain via the following linear constitutive
equations:
rp ¼ Epep  e31E3; Dp ¼ e31ep þ e33E3 (A3)
where Ep is the Young’s modulus of the piezoelectric element at
constant electric field, e31 is the piezoelectric constant, e33 is the
permittivity at constant strain, Dp is the electric displacement, and
E3 is the electric field, which can be related to the voltage tðtÞ
developed across a piezoelectric layer of thickness, hp, using
E3 ¼ tðtÞ=hp. In a similar manner, the stress in the structural
element can be related to the resulting strain using Hooke’s law
rs ¼ Eses (A4)
where Es is the Young’s modulus of the structural member.
Assuming a linear strain deflection relationship, the strain in the




; es2 ¼ x
@2w2
@y2






























2 tð Þ þM2gW2
(A6)
where l1, l2, and lp, are, respectively, the lengths of the vertical,
horizontal beams, and the piezoelectric element





















Here, ts1; ts2, and tp are, respectively, the thicknesses of horizontal
beam, vertical beam, and the piezoelectric element, and ws1; ws2,
and wp are the associated widths.
The work of three external energy fields is considered: the work
done by viscous dissipation, the work done to extract the charge,
Q, from the piezoelectric element and dissipate it in the external









 Fmag1dW1  Fmag2dW2 (A7)
where c1 and c2 are the modal damping coefficients which can be
obtained using the logarithmic decrement method. The terms
Fmag1 and Fmag2 represent the magnetic forces acting in the w1 and
w2 directions. These are assumed to be cubic polynomials in the
tip deflection W1
Fmag1 ¼ r11W31 þ r12W21 þ r13W1 þ r14
Fmag2 ¼ r21W31 þ r22W21 þ r23W1 þ r24
(A8)
The distance between the magnets is chosen such that the poten-
tial energy function remains monostable. In this scenario, the
coefficients rij can be easily identified experimentally by meas-
uring the horizontal and vertical forces on M1 using a dynamome-
ter for different values of W1 and fitting the resulting data into
cubic polynomials.
Since we are only interested in the first two vibration modes,
we assume that the deflection of the vertical and horizontal beams
can be approximated via cubic polynomials of the form
w1ðx; tÞ ¼ A1ðtÞx3 þ B1ðtÞx2 þ C1ðtÞxþ D1ðtÞ
w2ðy; tÞ ¼ A2ðtÞy3 þ B2ðtÞy2 þ C2ðtÞyþ D2ðtÞ
(A9)
where w1ðx; tÞ and w2ðy; tÞ must satisfy the following boundary
and matching conditions:
w1 0; tð Þ ¼ 0;
@w1 0; tð Þ
@x
¼ 0; w2 0; tð Þ ¼ 0;
@2w2 l2; tð Þ
@2y2
¼ 0 (A10)
@w1 l1; tð Þ
@x
¼ @w2 0; tð Þ
@y
; EIð Þ1
@2w1 l1; tð Þ
@2x2
¼ EIð Þ2
@2w2 0; tð Þ
@2y2
(A11)
This yields the following values for the unknown coefficients:
C1 ¼ D1 ¼ D2 ¼ 0; A2 ¼ 
EIð Þ1
3 EIð Þ2l2




3A1l1 þ B1ð Þ; C2 ¼ 3A1l21 þ 2B1l1 (A12)
Fig. 8 Coordinate system used in the derivation
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Next, we use Hamilton’s principle and obtain the following equa-
tions which govern the temporal evolution of the harvester’s
deflection and the output voltage:
m11 €q1 þ m12 €q2 þ c11 _q1 þ c12 _q2 þ k11q1 þ k12q2  Fmag1
þM2g1 þ h1tðtÞ ¼ ðm11 þ m22Þ €Wb (A13)
m21 €q1 þ m22 €q2 þ c21 _q1 þ c22 _q2 þ k21q1 þ k22q2  Fmag2
þM2g2 þ h2tðtÞ ¼ ðm11 þ m22Þ €Wb (A14)
Cp _tðtÞ þ tðtÞ=Rþ h1 _q1 þ h2 _q2 ¼ 0 (A15)
where
q1 tð Þ ¼ l31A1 tð Þ; q2 tð Þ ¼ B1 tð Þl21













































































































































; k21 ¼ k12
k22 ¼ 4 EIð Þ1
.































The magnetic forces become
Fmag1 ¼ r11ðq1 þ q2Þ3 þ r12ðq1 þ q2Þ2 þ r13ðq1 þ q2Þ þ r14
Fmag2 ¼ r21ðq1 þ q2Þ3 þ r22ðq1 þ q2Þ2 þ r23ðq1 þ q2Þ þ r24
(A16)
To determine the equations of motion around the equilibrium
point, we expand the dynamics about the static equilibria
ðq1s; q2sÞ which can be obtained using
k11q1s þ k12q2s  Fmag1 þM2g1 ¼ 0
k21q1s þ k22q2s  Fmag2 þM2g2 ¼ 0
(A17)
For a given distance between the magnets, the previous equa-
tions can be solved numerically for the unknown static equili-
bria ðq1s; q2sÞ. The dynamics around the equilibria can then
be studied by expanding the dynamics in a Taylor’s series
around ðq1s; q2sÞ by letting u1 ¼ q1  q1s and u2 ¼ q2  q2s.
This yields
m11 €u1 þ m12 €u2 þ c11 _u1 þ c12 _u2 þ k11u1 þ k12u2 þ km11u1
þ km11u2 þ a11u21 þ a13u1u2 þ a13u22þb11u31 þ b12u21u2
þ b13u1u22 þ b14u32 þ h1tðtÞ ¼ ðm11 þ m22Þ €Wb
(A18)
m21 €u1 þ m22 €u2 þ c21 _u1 þ c22 _u2 þ k21u1 þ k22u2 þ km21u1
þ km22u2 þ a21u21 þ a23u1u2 þ a23u22þb21u31 þ b22u21u2
þ b23u1u22 þ b24u32 þ h2tðtÞ ¼ ðm11 þ m22Þ €Wb
(A19)
Cp _t1ðtÞ þ tðtÞ=Rþ h1 _u1 þ h2 _u2 ¼ 0 (A20)
where kmij are the linear components of the magnetic force.
Assuming that the base acceleration is harmonic of the form
€Wb ¼ F cosðxtÞ, where F and x are, respectively, the amplitude
and frequency of the base acceleration, the previous equations can
be further reduced to the following matrix form:
M€u þ C _u þKuþ Fm þHv ¼ pF cosðxtÞ (A21a)
Cp _v þ v=RþHT _u ¼ 0 (A21b)
Here, the overdots represent derivatives with respect to time, t,






k11 þ km11 k12 þ km12
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Finally, Fm is the nonlinear force vector due to the magnetic field











B u;u;uð Þ ¼
b11 b12 b13 b14









All the constants appearing in the equations of motion can now be
computed using the geometric and material properties of the har-
vester given in Table 1.
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